Abstract-Soliton eigenstate is found corresponding to a dispersive phase profile under which the soliton phase changes induced by the dispersion and nonlinearity are instantaneously counterbalanced. Much like a waveguide coupler relying on a spatial refractive index profile that supports mode coupling between channels, here we suggest that the soliton spectral tunneling effect can be understood supported by a spectral phase coupler. The dispersive wave number in the spectral domain must have a coupler-like symmetric profile for soliton spectral tunneling to occur. We show that such a spectral coupler exactly implies phase as well as group-velocity matching between the input soliton and tunneled soliton, namely a soliton phase matching condition. Examples in realistic photonic crystal fibers are also presented.
I. INTRODUCTION

D
ISPERSIVE waves (DWs), also known as soliton induced optical Cherenkov radiations (OCRs) [1] , are generated when temporal solitons are perturbed by higherorder dispersion [2] . This phenomenon was experimentally verified soon after its proposal [3] - [5] . Physically, DW is a resonant wave having phase matching (PM) to the launched soliton. The spectral position of such a wave can be well predicted through a PM topology (showing resonant wavelengths as a function of the soliton wavelength) [6] . DWs play an important role in the attractive octave-spanning supercontinuum generation (SCG) in fiber structures as they dominate the blue-shifted edge of the spectrum while thered-shifted edge [7] . Usually, soliton induced DWs are generated in normal group velocity dispersion (GVD) regions which are opposite to the solitons [8] , [9] , and they also have different group velocity (GV) than the solitons.
However, by properly tailoring the dispersion profile, such DWs can also be turned into soliton waves. One exact case is the so-called soliton spectral tunneling (SST) effect which was proposed and investigated [10] - [14] as a soliton spectral switching phenomenon. Fundamentally, SST is driven by the Raman induced SSFS to continuously shed off energy to the DW, and it also requires a potential barrier in the GVD profile [10] , [11] , [14] so that both the launched soliton and the generated DW have the same sign of GVD and the DW finally forms another soliton wave. A typical GVD barrier is a normal GVD region sandwiched by two anomalous ones, which is realizable in photonic crystal fibers (PCFs), with the waveguide dispersion reducing the material dispersion and forming multiple zero-dispersion wavelengths (ZDWs). Poletti et al. designed an index-guiding holey fiber to form the GVD barrier which can be tuned over a wide wavelength span and has potentials for SST [15] . Manili et al. reported their DW generation experiments in a dual concentric core microstructured fiber which has three ZDWs [16] . But unfortunately the SST effect was not observed as the GVD barrier was so strong that the transferred wave could not pass through to form a soliton wave. Moreover, recent investigations on the SST effect [17] , [18] showed that along with the above mentioned PM condition, GV matching between the launched and switched solitons is another significant premise for decent soliton switching with high efficiency and broad bandwidth.
In this letter, we point out that such a GV-matching DW generation as well as the SST effect can be generally understood as a spectral soliton coupling from an initial state to its eigenstate. Analogous to a spatial waveguide in which eigenmodes are supported under a certain phase profile (determined by the spatial refractive index profile), for fundamental temporal solitons, an eigenstate is also supported under a dispersive phase profile determined by the wave number profile and the soliton phase changes induced by both the dispersion and the nonlinearity are counterbalanced. DW generation and SST are usually invoked by launching a local soliton state but not the eigenstate, therefore spectral soliton coupling between this initial state and the eigenstate can occur, in which the local soliton will shed off energy to other wavelength positions. A GV-matching condition is essential to tell whether the transferred wave is solitary or dispersive as it defines the 1041-1135 © 2013 IEEE dispersive wave number profile. If the transferred wave is GV-matched to the launched soliton, the wave number profile performs like a spectral coupler structure and the transferred wave can form a soliton state, while when GV-mismatched, the profile is a leaking structure and the transferred wave performs as leakage from the launched soliton, namely forming linear dispersive waves.
II. SOLITON EIGENSTATE AND COUPLING EFFECT
We begin with the demonstration of the soliton eigenstate. The nonlinear wave equation in frequency domain (NWEF) [19] , [20] is chosen as the numerical model as it focuses on the spectrum of the electric field. With only the dispersion and the cubic phase modulation (self-phase modulation (SPM) and cross-phase modulation (XPM)) terms included, NWEF is written as:
whereẼ is the electric field written in frequency domain, β refers to the wave number profile,
is the frequency-dependent nonlinear coefficient in which the pulse self-steepening is automatically included. F indicates the Fourier transform. The dispersive phase profile is determined with the initial wave number β 0 and the global GV v g,0 eliminated from the physical wave number, i.e. Fig. 1(a) , a couplerlike wave number profile is demonstrated to support a soliton eigenstate which consists of two spectral peaks corresponding to coupler channels.
If only a one-peak hyperbolic secant shape (sech-shape) soliton, corresponding to one channel of the wave number coupler, is launched, soliton spectral coupling is supposed to be observed as shown in Fig. 1(b) : the soliton sheds off energy into the adjacent channel and forms another wave. Meanwhile, the launched soliton itself will experience a spectral recoil effect [1] , [21] away from the coupling. The energy coupled out will also be coupled back since the transferred wave is GV-matched to the launched soliton. Therefore the launched soliton will be pulled back to its original position and invokes the coupling over again. The transferred wave here is formed due to the DW PM condition, but it is not a DW but actually a soliton wave which travels together with the launched soliton (GV-matching), it is fed by the launched soliton but unfortunately the energy is low due to the recoil effect.
Including material Raman effects (not included in Eq.(1)) which always accompany the self-action of high-power femtosecond pulses in a variety of media [22] , [23] , SST effect is observed as shown in Fig. 1(c) . Since the Raman response induces SSFS which is always red-shifted and could balance the recoil effect, the launched soliton can be kept at its position and the soliton coupling continuously occurs until it is fully coupled into the adjacent channel to form a new soliton. Afterwards, the new soliton will also experience the Raman induced SSFS, which means the back coupling are greatly suppressed since the soliton will be red-shifted away from the coupling. The XFROG pattern of the SST also shows that the generated soliton is always GV-matched to the launched one, see Fig. 1(e) . However, in a leaking structure of the dispersive wave number profile where the transferred wave is GV-mismatched to the launched soliton, SST will not occur, see Fig. 1(d) . In the XFROG pattern, waves are gradually radiated as the leakage from the launched soliton, leaving a long tail in the pattern, see Fig. 1(f) .
In fact, the GV-matching condition helps turning the commonly-known DW PM condition into a soliton PM condition. The PM condition of the DW generated at ω d can be written as:
where
g,s + q s determines the non-dispersive soliton phase with spectrum centered at ω s , q s is the soliton wave number and, for fundamental solitons, its contribution is minimal and can be ignored. Therefore, the above equation can be expanded as:
With a GV-matching condition, v g,d = v g,s , the above equation finally becomes β sol,ω s (ω) = β sol,ω d (ω), implying the phase matching within the whole frequency domain between two solitons located at ω s and ω d . Actually, a symmetric coupler-like wave number profile is exactly corresponding to such a soliton PM condition, with both the DW PM and the GV-matching conditions fulfilled between the launched and transferred solitons.
III. EXAMPLES IN PCFS
In practice, PCFs with designed pitch size and hole size d can achieve flexible dispersion profiles with multiple controlled ZDWs. For example, in Fig. 2 , a solid-core indexguiding PCF with a triangular air-hole pattern in the cladding can form a concave-like dispersion profile with 3 ZDWs. Such a dispersion profile is actually produced by the mode coupling between the core and the air-hole cladding around a resonant wavelength.
The wave number profile of such a PCF structure is plotted in Fig. 3, by eliminating a global β 0 and v g,0 , showing a coupler-like profile, with two peaks located at 1.52 μm and 1.85 μm. Under such a profile, a sech-shape soliton centered at 1.4 μm is launched, which is actually slightly detuned from the short-wavelength coupler peak. Hence, during the propagation, the launched soliton will start with the Raman induced SSFS, red-shifting towards the first coupler peak where the coupling is invoked. Then, strong soliton coupling occurs with most of the energy transferred into the second coupler channel, shown by the full NWEF model [19] in Fig. 3(a) . The XFROG pattern in Fig. 3(c) again proves the GV-matching between the launched and transferred solitons. The proportion of the soliton energy transfer is around 60%, lower than the ideal SST because the nonlinear coefficient γ has a reduction in long wavelengths due to an increase in the effective mode area.
With a different pitch size, the wave number profile shows a leaking structure. Therefore, soliton leaking occurs instead of coupling, see Fig. 3(b) . Although from the spectral evolution the transferred waves still have strong peaks, they are actually not soliton waves but just leakage-like DWs, proved by the XFROG pattern in Fig. 3(d) .
The soliton coupling effect as well as the soliton state of the transferred wave is also demonstrated through the temporal profile of the pulses, see Fig. 4 . Shown in Fig. 4(a, b) , the soliton pulse in the first channel (1.52 μm) and the transferred wave at the second channel (1.85 μm) are beating during the propagation and give rise to beating modulation on the electric field of the pulses. The beating length is 27 fs, corresponding to the frequency difference between the two waves. Such beating process can only occur when the two waves always have the same group velocity, i.e. GV-matching, from the beginning of the energy transfer to the end of the propagation. Moreover, by filtering the spectrum to isolate the transferred wave, we can investigate the alleged soliton properties of the tunneled wave: its temporal pulse profiles at different stages of propagation are shown in Fig. 4(d) . Although there is a clear drop in the peak intensity and a slight temporal broadening during propagation, this is attributed to a relaxation effect of the soliton as it will self-adapt to the GVD profile by adjusting the pulse duration and peak intensity gradually during the propagation. Its characteristic soliton length is calculated to be 2.56 m, i.e. much shorter than the distances considered here, which supports the notion that this is a soliton. Indeed, a DW would at the same propagation distances be dramatically reduced in intensity and broadened in time due to its dispersive nature. We also checked the results by using the more commonly-used GNLSE [7] and we got very similar results, see Fig. 4 (c).
IV. CONCLUSION
As a conclusion, we proposed that a soliton eigenstate is supported under a dispersive phase profile, in which the soliton phase changes induced by both the dispersion and the nonlinearity are counterbalanced. A coupler-like phase is demonstrated to support a two-peak-shape soliton eigenstate. When launching only a single sech-shape soliton corresponding to one channel of such a phase coupler, soliton coupling is expected to occur. Physically, coupler-like wave number profile implies a soliton PM condition which is beyond the commonly-known DW PM condition by including another essential premise, GV-matching condition, which means the generated DW is turned into another soliton wave. When having a leaking structure of the wave number profile, i.e. GV mismatched, the launched soliton will have a leakage-like radiation instead of transferring to another soliton. Such soliton coupling and soliton leaking effects in realistic PCF structures are presented, in which a SST effect with a spectral span over 300 nm and 60% energy transferring is numerically demonstrated.
